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Surface meshes play an important role in mesh
generation and mesh based analysis applications.
The success of mesh generation algorithms and
the accuracy of numerical analyses often depend
on the quality of the surface mesh. Therefore, op-
timization of surface mesh quality is a very im-
portant problem.

In this research, a procedure has been devel-
oped to optimize polygonal surface meshes by
repositioning nodes in a series of local paramet-
ric spaces originating from a barycentric mapping
of the triangular facets of the original mesh faces.
The repositioning of nodes is directed by a two-
stage numerical optimization procedure [2] that is
designed to improve the geometric shape of mesh
faces while keeping the modified mesh as close as
possible to the base mesh. Repositioning nodes
in the parametric space of the surface guarantees
that the nodes will remain on the surface when
mapped back to real space.

The first stage of the procedure is a local op-
timization in which the optimal (reference) po-
sition of each mesh vertex is calculated with re-
spect to the fixed positions of its neighbors. The
local objective function is based on Jacobian ma-
trix condition numbers of mesh faces connected
to the particular vertex [2, 1]. The reference po-
sitions of vertices are used to calculate tworefer-
ence edge vectorsfor each edge in the mesh; each
reference edge vector goes from the reference po-
sition of one vertex of the edge to the original po-
sition of the other. The reference edge vectors are
then used to computeReference Jacobian Matri-
cesin the same way that Jacobian matrices were
defined for the original mesh. Finally, the refer-
ence Jacobian matrices are used to compute an
objective function for a global optimization in the

second stage of the procedure. The definition of
this objective function directs the the optimization
to find a configuration for all the mesh edges such
that a compromise is struck between the various
pairs of reference edge vectors, the mesh remains
valid and the element quality is improved.

The objective functions for the two optimiza-
tions are defined in terms of real coordinates of
the vertices. If an optimization procedure is ap-
plied directly to these objective functions, it may
indicate vertex movement off the base surface
mesh. To constrain the movement of the ver-
tices to the faces of the base mesh, the objec-
tive functions are optimized with respect to a lo-
calbarycentricmapping of the triangular facets of
the mesh faces into 2D space. All objective func-
tion evaluations are performed after transforming
the parametric coordinates into real coordinates
using the barycentric mapping. The gradient of
the objective function with respect to the para-
metric coordinates is calculated using numerical
differentiation. The gradient direction is used to
compute a search direction,d, in parametric space
according to the principles of the non-linear con-
jugate gradient method. The movement of the
vertices in the parametric space is constrained by
mesh validity and by the local parametric bounds
of the triangular facet. If a vertex goes out of
bounds of the local parametric space, the search
switches to the local parametric space of the ad-
jacent element in the mesh.

The procedure has been tested using a number
of surface meshes and has proved to be very effec-
tive in improving mesh quality while minimizing
changes to the surface characteristics.
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Initial RJ Opt. CN Opt.
Min. Face Angle 2.75◦ 6.94◦ 13.19◦

Max. Face Angle 173.92◦ 151.60◦ 147.53◦

Min. Cond. Num. 4.00 4.00 4.00
Max. Cond. Num. 98.83 34.14 19.64
Max. Hausdorff Dist. 0.24% 0.48%
(% of problem size)
Max. Node Movement 1.38% 2.98%
(% of problem size)

Mesh Statistics for optimization of triangular
mesh of pig illustrating that the Condition Num-
ber based optimization improves the mesh more
while the Reference Jacobian based Optimization
keeps the mesh close to the original.
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Optimization of polygonal mesh of pig showing
difference between a single-stage condition num-
ber based optimization and two-stage reference
Jacobian based optimization (a) Original Mesh
(b) Mesh optimized with condition number objec-
tive function (c) Optimized with reference jaco-
bian objective function.
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